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1. Introduction and main results 

Consider a simple symmetric random walk {S n }^ =1 starting at the origin on the d- 

dimensional integer lattice Zd, i.e. So = 0, S n = ^Li n = 1,2,.. where X&, k = 
1,2,... are i.i.d. random variables with distribution 

P(Xi = ej) = P(Xi = -a t ) = -L, z = 1, 2, d 

2a 

and {e 1; e 2 , ...erf} is a system of orthogonal unit vectors in Z d . Define the local time of the 
walk by 

£(x,n) := #{£; : < fc < n, S k = x}, n = l,2,..., (1.1) 
where x is any lattice point of Z d . The maximal local time of the walk is defined as 



Define also 



^(n) := max^(x,n). (1-2) 



rj(n) := max £(S fc , oo). (1.3) 

0<fc<n 



Denote by j(n) = 7(71; d) the probability that in the first n — 1 steps the (i-dimensional 
path does not return to the origin. Then 

1 = 7 (l) > 7 (2) > ... > 7(71) > ... > 0. (1.4) 

It was proved in [2] that 

Theorem A (Dvoretzky and Erdos |2j) For d>3 

lim 7(71) = 7 = 7(00; d) > 0, (1.5) 

and 

7 < 7(71) < 7 + 0(n 1 ~ d/2 ), (1.6) 

or equivalently 

P(£(0, n) = 0, ^(0, 00) > 0) = O (n 1 -^ 2 ) (1.7) 

as n — > 00. 

So 7 is the probability that the d-dimensional simple symmetric random walk never 
returns to its starting point. 

Let £(x, 00) be the total local time at x of the infinite path in Zd. Then (see Erdos and 
Taylor £(0, 00) has geometric distribution: 
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P(£(0, oo) = k) = 7 (1 - 7 ) fc , fc = 0, 1, 2, ... (1.8) 
Erdos and Taylor p] proved the following strong law for the maximal local time: 

Theorem B (Erdos and Taylor 0) For d > 3 

lim = A a.s., (1.9) 

n->00 l g n 



where 



A = A rf = --— (1.10) 

log(l - 7) 



Following the proof of Erdos and Taylor, without any new idea, one can prove that 

lim = A a.s. (1.11) 

rwoo l g n 

We can present a stronger lower estimate of £ (n) . 
Theorem C (Revesz (THI) Let d > 4 and 

ip(n) = ip(n,B) = Alogn — A-Bloglogn. (1.12) 
Then with probability 1 for any e > there is a random variable n such that 

£{n) >V(n,3 + £ ) 

ifn > n . 

Erdos and Taylor [2] also investigated the properties of 

Q(k,n) := #{x : x E Z d , £(x,n) = k}, 

i.e. the cardinality of the set of points visited exactly k times in the time interval [l,n]. 
They proved 

Theorem D (Erdos and Taylor |3]) For d > 3 and /or any A; = 1, 2, . . . 

lim Q(M) = 2 (1 _ as . (L13) 
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Let 

U(k, n) := #{j : < j < n, £(S,-, oo) = fc, Sj ^ S e (£ = 1, 2, 
= |{xG^: 0<£(x,n)<£(x,oo) = fc}. 

Repeating the proof of Theorem D one can get 

U(k,n) 



lim 

n— >oo 



7 2 (l-7) 



fc-i 



for any k — 1, 2, 

Define furthermore 



a.s. 



(1.14) 



(1.15) 



i2(fc,n) := X)^0'> n )> 
j=fc 

oo 



It follows that for fixed > 1 



.. R(k,n) Nfe _i 

lrm v 7 = 7(1 - 7) fe 1 a.s. 

n^oo ^ 

V(A;,n) 

hm v y = 7(1 - 7) fe 1 a.s. 

n—*oo 7^ 

The properties of these quantities were further investigated (for fixed k) by Pitt 
proved (|1.13j) , (|1.15j) and (|1.18jl , 1)1. 19j) for general random walk and by Hamana [5j , 
proved central limit theorems (in general case for d > 3). 

In this paper we study the question whether k can be replaced by a sequence t(n) 
00 of positive integers in fTTSjl . fTTl. (fTTSjl and (fTTOjl . 

Theorem Let d>3, and define 



(1.16) 
(1.17) 



(1.18) 
(1.19) 

[HI who 

who 



t n :=ty{n,B)], B>2, 



where ijj(n,B) is defined by (|1.12|> . TTien we /woe 

I7(*,n) 



lim sup 



't<tn 



717/^ (i) 



a.s. 



(1.20) 
(1.21) 



(1.22) 
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lim sup 

n ^°° t<t n 

lim sup 

n ^°° t<t n 

lim sup 

n ^°° t<t n 



Q(t,n) 
rvyn{t) 
V(t,n) 



n/j(t) 
R(t,n) 



rijj,(t) 



- 1 

- 1 

- 1 









a.s. 



a.s. 



a.s. 



(1.23) 
(1.24) 
(1.25) 



Here in sup t<tn , t runs through positive integers. 

()1.25|) of Theorem clearly implies (compare to Theorem C) 

Corollary Let d > 3. Then with probability 1 for any e > there is a random variable Uq 
such that 

> A log n — (2 + e) log log n 

ifn> n . 

First we present some more notations. For x 6 2d let T x be the first hitting time of x, 
i.e. T x = min{i > 1 : S» = x} with the convention that T x = oo if there is no % with S« = x. 
Let T = T . In general, for a subset A of let T4 denote the first time the random walk 
visits A, i.e. T4 = min{i > 1 : S, 6 A} = min xgy iT x . Let P x (-) denote the probability of 
the event in the bracket under the condition that the random walk starts from x e Z^. We 
denote P(-) = P (-)- 

Introduce further 



q x := P(T < T x ), 
s x :=P(T X <T). 



(1.26) 
(1.27) 



In words, g x is the probability that the random walk, starting from 0, returns to 0, before 
reaching x (including T < T x = 00), and s x is the probability that the random walk, starting 
from 0, hits x, before returning to (including T x < T = 00). 



2. Preliminary facts and results 

First we present some lemmas needed to prove Theorem. 
Introduce the following notations: 
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Xi{t)=Xi = 

= r i if Sj ^ Si u = i, 2, . . . , i - 1), e(Si, oo) > t, 

I otherwise, 

Yi(t,n)=Yi = 

= f 1 if S,- ^ Si (i = 1, 2, . . . , % - 1), £(Si, n) > *, 
| otherwise, 

Pi = = I{Xi = l}(min{j : £(S is j) > t} - i), 

tli = fJLi{t) = 7 (z)(l- 7 )*- 1 , 



i = 1, 2, . . ., z = 1, 2, . . ., where /{•} denotes the usual indicator function. 

Recall the definitions of 7 and \i = fi(t) in (11.411 (|1.5jl and (I1.20JI . Furthermore let 

o* = o*{t):=Efcx i -ni^ • (2.1) 

Clearly we have 

n 

R(t,n)=J2 Y i, 

i=i 

n 

V{t ) n) = Y J X l . 

i=l 

Lemma 2.1. (Dvoretzky and Erdds [2]) 

P(Si ^ Sj, j = 1, 2, . . . , % - 1) = P(f (0, i - 1) = 0) = 7 (0- 

The following lemma is a trivial consequence of Theorem A. 
Lemma 2.2. 

0(l)t d / 2 



P(n < pj(t) < 00) < 



n' 



d/2-1 



( 0(1) \ 
H<lk<\l+ T^ij A*, 
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The next lemma can be obtained by elementary calculations. 
Lemma 2.3. 

n n 

nfi < Xi = ^2 fii < nfi + fj,a n O(l), 
i=i i=i 

where 

n j (0(1) if rf>4, 

a ™ = E W2^T = ) lo § n if rf = 4 > 

-i* [0(1)^/2 if d = 3. 

Lemma 2.4. lei n > 3 3 . T/zen 

^ < n/i + /m n O(l) - n 2 /i 2 + 2(7 + 11 + III), (2.2) 

/= E p(*< = i> ^- = i> p*>0, 

l<j<jr<n 

//= E P(X, = 1, X, = 1, Pl < n a ), 

l<i<jr<min(i+3n Q ,n) 

///= E P(X l = l, X, = 1, p,<n a ), 

l<j<j+3ri a <jr'<n 

a = 2/d. 



Proof. Clearly we have 

(n \ 2 re 

E X +^V-2n/iEE^ = 
i=i / i=i 

n n 

= E^Ii + 2 E E ^i^j + ™ V - 2n/i E A** < 

i=l l<i<j'<n i=l 

< n/i + //a n O(l) + 2 E EXiXj- - n 2 // 2 - 

l<i<j<n 

Further 

E EXiXj= E P{x t = i, x 3 = i} = i + ii + iii. 

l<i<j<n l<i<j<n 

Hence Lemma 2.4 is proved. 

Now let denote the two-point set {0,x} and let E(A^ x \oo) = £(0, oo) + £(x, oo) 
denote its total occupation time. 
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Lemma 2.5. For x e Z d , 0, define 7 X := P(T X = oo) and reca// the definitions of g x 
and s x m (|1.26|) and (I1.27JI . Then 

7e i = 7-e i = 7> i = l,2,...,d, (2.3) 

7x > 7, (2-4) 

^^Hr^' (2 - 5) 

Sx = (l-7x)(l-&), (2.6) 

g x + s x = i--^— , (2.7) 

2 - 7x 

P(~(A« oo) = j) = (!-&- s x )(g x + s x y, J = 0, 1, — (2.8) 



Proof. We show (|2.3j) first. For symmetric reason, 7± ei = 7±ej> j = 1, • • • , d. Hence 

1 - 7 = E P ( S i = - 7«) + E P(S a = -6,5(1 - 7-eJ = 2E ^(1 - 7eJ = 1 - 7e i; 
1=1 i=l 1=1 za 

proving (12. 3 J) . 

To show (I2.4JI . observe that starting from the origin, before hitting x with ||x|| > 1, the 
random walk should hit first the sphere S(x, 1) := {y : ||y — x|| = 1}. Hence 

1 - 7x = P(T s(Xj i) < oo)(l - 7) < 1 - 7- (2-9) 

Now let Z(A) denote the number of visits in the set A up to the first return to zero, i.e. 

Z(A) = E^{SnG^}. (2.10) 

n=l 

Observe that 



P(Z(AW)=j + l ) T<oo) = (5 , x j^_?' 2 (2-H) 



Summing up in (|2.11j) we get 

oo 

E P(^(AW) = j + 1, T < oo) = g x + = P(T < oo) = 1 - 7 . (2.12) 



s 2 . 



j=0 1 <?x 
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On the other hand, one can easily see that 



1 - 7 = P(T < oo) = P(T < T x ) + P(T > T x , T < oo) 
= P(T < T x ) + P(T > T X )P X (T < oo) 
= P(T < T x ) + P(T > T X )P(T X < oo) = g x + s x (l - 7x 



i.e. 



1 -7 = g x + s x (l -7x) (2.13) 

Now (l2~T2ll and (l2~T3l easily imply and ||22j) 3 hence also (D- 

Equation (|2.8I) was proved in [l] for general random walk. For completeness a short 
proof is presented here. The probability that the random walk, starting from 0, returns to 
without hitting x, is g x , while s x is the probability that the random walk starting from hits 
x without returning to 0. Similarly, for symmetric reason, g x is also the probability of the 
random walk starting from x returns to x without hitting 0, and s x is also the probability 
of the random walk starting from x hits in finite time, without returning to x. Hence, the 
probability that the random walk starting from any point of returns to in finite 
time, is g x + s x . This gives (|2.8j) . 

Similarly to Theorem A, we prove 



Lemma 2.6. 



1 - 7x (n) := P(T X < n) = 1 - 7x + (2.14) 
g x (n) := P(T < min(n,T x )) = g x + (2.15) 



0(1) 

n 

and 0(1) is uniform in x. 



s x (n) := P(T X < min(n, T)) = s x + ^j^, (2.16) 



Proof. For the proof of (j2.14|) see Jain and Pruitt [Zj. 
To prove (|2.15l) and (I2.16jl . observe that 

<?x - 9x(n) = P(T < T x , n < T < oo) < P(n < T < oo) = 7(71) - 7, 
s x - s x (n) = P(T X < T, n < T x < 00) < P(n < T x < 00) = 7 x (n) - 7 X . 
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Lemma 2.7. Let i < j. Then for t > 1 integer we have 

( fd/(d-2) / 2 \2f\ 

P(X = l, Xj = 1) < f 1 + — j , (2.17) 

where C is a constant, independent of i,j,t and /z = /i(t) = 7(1 — 7)* _1 . 



Proof. Using ()2.8|) of Lemma 2.5, we get 

P(X 4 = 1,X J = 1) 

< J2 p ( s . - Si = x, £(S i? 00) - e(S i5 + £(S is 00) - £(S,-, i) > 2t - 1) 

xez d 

= £ P(Sj-i = x)P(S(AW, 00) > 2t - 1) 

xe2 d 

= E p (s^ = x)(g x + - 1 = E + E , 

xe2 d xe2 d ,||x||<R xG2 d ,||x||>R 

where R will be chosen later. For estimating the first sum, we use 7 X > 7 (cf. ()2.4|) of 
Lemma 2.5), hence by ()2.7|) 

7 2(1-7) 
2 - 7x 2-7 

On the other hand 

C 

P(Sj-i = x) < (j _ - )d/2 . XGZ d 

with some constant C\, not depending on x (cf. Spitzer [TT], page 72). 

Since the cardinality of the set {||x|| < R} is a constant multiple of R d , we have 



xg^jjlxll^ij 



(j - «) d/2 V 2 ~ 7 



with some constant C 2 . 

For estimating the second sum, we use 1 — 7 X < CsR~ d+2 for ||x|| > R (cf. Revesz [H], 
page 241), hence 

g x + s x <i-7 + ^R- d+2 = (i-7)fi+ (: ^ 



1 - j)R d - 2 J ' 
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Now choose R = t 1 /^" 2 ). Then 

(gx + s x ) 2 *- 1 <C 5 (l- 7 ) 2 '- 
Here the constant C5 is independent of both x and t. Since 

e p(s j - St = x ) = 1, 

xe2 d 

we have 

E <c 5 (i-7f = C 6 /i 2 . 

xg.Z d , |[x[|>B 

this together with (|2.18jl (putting R = t l '^ d ~ 2 ' there) proves Lemma 2.7. 
In the subsequent lemmas t n is defined by (I1.21B . 

Lemma 2.8. For t <t n , any e > and large enough n we have 

I < 0{l)n 2 ^ (n + J p\t). (2.19) 

Proof. Now we need to estimate the probability 

P(X i = l,X j = l,p i >n a ). 

Define the events B k by 

B k = {£ (Si, 00) - f (Si, i) + f (Sj, 00) - £(Sj, i) = k} 

and consider the k time intervals between the consecutive visits of {Si, Sj}. Then at least 
one of these intervals is larger than 

ef > £ (2.20) 

(provided that {Xi = 1, Xj — 1, pi > n a }). Denote this event by .Dfc. Similarly to the proof 
of Lemma 2.7 we have 

P{Xi = l,X j = l, Pi > n a ) < E P(Sj - ^ = x, U fc > 2t -iS feJ D fe ) 

xez d 

<E P (V* = X ) E P(S fc D fc |S^-Si = x). 

xe2 d jfc>2t-l 
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The event B k D k , under the condition Sj — Sj = x, means that placing a new origin at 
the point Sj, and starting the time at i, there are exactly k visits in the set A ( - x \ and at 
least one time interval between consecutive visits is larger than n a /k. Hence applying 1)2. 8j) 
of Lemma 2.5 and (|2.15j) . (|2.16p of Lemma 2.6, we get 

P(B k D k | Sj - Si = x) < k(l - q x - s x )(g x + s x ) fe_1 (q x + s x - g x - s x 

/ r. \ d/2-1 

< 0(l)k - (1 - & - s x )(g x + s.)*- 1 < 0(l)A; i / a n a / ,| - 1 ( & + s x ) fc -\ 
where 0(1) is uniform in k and x, hence 

£ P(B k D k | - Si = x) < 0(l)n 2/c(_1 £ A^fax + Sx)*"" 1 

fe>2t-l fc>2i-l 

<o(iy/^v/ 2 (g x + Sx ) 2 *- 2 . 

Proceeding now as in the proof of Lemma 2.7, we can estimate 
P(X, = 1,X, = l, Pl > n") < 0(l)^V^y(*) [l + 7-—^ 
and summing up for 1 < i < j < n, we get 

/ < oay/^/ 2 (n + (^) 2i ") At), 

since t < t n . But t n < A logn, therefore any power of t n can be estimated by n £ , hence (|2.1 
follows. 

Lemma 2.9. For t <t n , any e > and /arge enough n we have 

II < 0(l)n 2 / d+£ ( n + n l ~ 2 ' d \ J fi 2 (t). (2.21) 



Proof. Using the estimate in Lemma 2.7 and summing up for i,j with 1 < i < j < 
min(i + 3n a , n), using again that t n < A logn, a simple calculation shows (j2.21|) . 
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Lemma 2.10. For t < t n , any e > and large enough n we have 



HI < + 0(l)n 3 V (*)■ (2.22) 



Proof. Let 



A = {Si is a new point i.e. Sj ^ Sj j — 1, 2, . . . , i — 1}, 
B = {aS l ,t + n a )-aS l ,t) >t-l}, 
D = {Sj is a new point}, 

^ = {e(s i ,oo)-e(s i ,j) >t-i>, 

D C G = ^(SjJ) - Z^i + ^y^) = o} , 

5 c # = {£(S 4 , oo) - e(S<, i) > t - 1}. 
Recall the definition of 7(71) in Section 1 and let j > i + 3n a . Then 

P{Xi = 1, X,- = 1, pi < n a } < P{ABDE} < 

< P(ABGE) = P{A)P{B)P{G)P{E) < 

< P{A)P{H)P{G)P{E) = 

= 7 ( i + l)(l_ 7 )*-i 7 (( 7 -_ i )/3)(l_ 7 )*-i. 

Clearly we have 

HI < £ 7(< + 1)(1 - 7)*- 1 7((j - i)/3)(l - 7)*- 1 < 



< 



<7 2 (l-7) 2i - 2 



'n' 
,2, 



0(l)(tf + L + M) 



where the summations above and below go for {i, j : 1 < i < i + 3n a < j < n} and 

K = £ ^TI < ™n, 

M = £ -d/2-i g _ ly/2-1 ^ na - 

,1/2 



Using a n = 0{l)n 1 ' 2 (see Lemma 2.3) we have (|2.22j) . 
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Lemma 2.11. For t < t n , any e > and large enough n we have 



^ = o(i)Mi)+^(M. 



(2.23) 



Proof is based on Lemmas 2.4, 2.8, 2.9 and 2.10. The numerical values of A can be obtained 
by a result of Griffin 



for d = 3 and hence also for all d > 3. By choosing an appropriate e and putting the 
estimations (|2.19j) . (|2.21L (|2.22j) into (|2.2j) . we can see, that the term n 2 /i 2 cancels out and 
all the other terms are smaller than the right hand side of (I2.23jl . proving Lemma 2.11. 
Lemma 2.11 implies 

Lemma 2.12. For any 0<C<B,t<t n and large enough n we have 



a n (logn) c/2 < 0(l)((nfi(t)) 1/2 (logn) c/2 + /i(t)n a9 (log n) c/2 ) = o{l)nfi(t). 

3. Proof of the Theorem 

First we prove ()1.24|) . 



1-73 
1-74 
1-75 
1 -76 



0.341, 
0.193, 
0.131, 
0.104. 



Consequently 



A, 
A 4 
A 5 
A 6 



0.929, 
0.608, 
0.492, 
0.442. 



By using t n < A log n, one can verify (numerically) 
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By Markov's inequality for any C > we have 

P{\V{t,n)-nfi{t)\ > a n {logn) c / 2 ) < {logn)- c 
By Lemma 2.12, if C < B, 

P(\V{t,n) -n/x(t)| > o(l)n/x(t)) < (}ogn)' c . 
Consequently, since t n < Alogn, 

\V(t,n)-nfi(t)\ 



P sup 

V*<*n+1 



nfi(t) 



>o(l) <0(l)(logn 



-c+i 



Choose C > 2, n{k) = exp(fc/ log k). 1)3.1)) and Borel-Cantelli lemma imply 

V(t,n(k)) 



lim sup 



fc^oo 



n(k)fi(t) 



a.s. 



't<t(n(k))+l 

Let n(k) < n < n{k + 1). Then for t < t n we have 

V(t, n(ife)) < y (t, n) < V(t, n(k + 1)) 



and 



lim + = 1. 



Hence for any e > and large enough n, 



V(t,n) < y(t,n(fc + l))n(fc + l) < + 
n/i(t) ~~ n{k + l)/x(£) n ~~ 



a.s. 



since t <t n < t(n(k + 1)). Similarly, 



V(t,n) > V(t,n(k))n(k) ^ 
n/i(t) ~~ n(k)fi(t) n ~ 



Hence we have (|1.24jl . 



Now we turn to the proof of 1)1. 25J) . 
Let 



M (t, n) = V(t, n) - R(t, n) = ]T(X, - Y t ). 
15 



i=l 



Observe that X* > Y{ and hence M(t, n) is non-negative and non-decreasing in n. Moreover, 
by Lemma 2.2 

0(l)u(t)t d/2 

E(X - Yi) = P(Xi -Yi = l)< P(Xi = l,n-i< Pi (t) < oo) < ' 



(n - ?) o! / 2 - 1 ' 



Consequently 



0< EM(i,n) < Q(l)(logn) d / 2 



By Markov's inequality 

„/ M{t, n) ^ \ Q(l)(\ogn)<" 2 + 1 

p tew >£ J- — ^ — ■ 

On choosing = k 2+s , 5 > 0, Borel-Cantelli lemma implies 

Um sup = o a.s. 

k -^°°t<t nk n k (j,(t) 

Using the monotonicity of M(t, n) in n, interpolating between n k and n^+i we get 

M(t,n) 
hm sup -— = a.s. 

n ^t<t n nfi(t) 

This combined with (jl.24j) gives (|1.2o|l . 

(OTfll and (TT^l are immediate from (OKjl and ifHHjt . since Q(t,n) = R(t,n)-R(t+l,n) 
and £/"(*, n) = V(t, n) - V(t + 1, n). 

This completes the proof of the Theorem. 



References 

[1] Csaki, E., Foldes, A., Revesz, P., Rosen, J., Shi, Z., 2005. Frequently visited sets for 
random walks. Stochastic Process. Appl., to appear. 

[2] Dvoretzky, A., Erdos, P., 1951. Some problems on random walk in space. Proceedings of 
the Second Berkeley Symposium on Mathematical Statistics and Probability, University 
of California Press, Berkeley, pp. 353-367. 

[3] Erdos, P., Taylor, S.J., 1960. Some problems concerning the structure of random walk 
paths. Acta Math. Acad. Sci. Hungar. 11, 137-162. 



16 



[4] Griffin, P., 1990. Accelerating beyond the third dimension: returning to the origin in 
simple random walk. Math. Scientist 15, 24-35. 

[5] Hamana, Y., 1992. On the central limit theorem for the multiple point range of random 
walk. J. Fac. Sci. Univ. Tokyo 39, 339-363. 

[6] Hamana, Y., 1995. On the multiple point range of three dimensional random walk. Kobe 
J. 12, 95-122. 

[7] Jain, N.C., Pruitt, W.E., 1971. The range of transient random walk. J. Analyse Math. 
24, 369-393. 

[8] Pitt, J.H., 1974. Multiple points of transient random walk. Proc. Amer. Math. Soc. 43, 
195-199. 

[9] Revesz, P., 1990. Random Walk in Random and Non-Random Environments. World 
Scientific, Singapore. 

[10] Revesz, P., 2004. The maximum of the local time of a transient random walk. Studia 
Sci. Math. Hungar. 41, 379-390. 

[11] Spitzer, F., 1976. Principles of Random Walk, 2nd. ed. Van Nostrand, Princeton. 



17 



